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Using hard-loop (HL) eetive theory for an anisotropi non-Abelian plasma, whih even
in the stati limit involves nonvanishing HL verties, we alulate the imaginary part of
the stati next-to-leading-order gluon self energy in the limit of a small anisotropy and
with external momentum parallel to the anisotropy diretion. At leading order, the stati
propagator has spae-like poles orresponding to plasma instabilities. On the basis of a
alulation using bare verties, it has been onjetured that, at next-to-leading order, the
stati gluon self energy aquires an imaginary part whih regulates these spae-like poles.
We nd that the one-loop resummed expression taken over naively from the imaginary-time
formalism does yield a nonvanishing imaginary part even after inluding all HL verties.
However, this result is not orret. Starting from the real-time formalism, whih is required
in a non-equilibrium situation, we onstrut a resummed retarded HL propagator with orret
ausality properties and show that the stati limit of the retarded one-loop-resummed gluon
self-energy is real. This result is also required for the time-ordered propagator to exist at
next-to-leading order.
PACS numbers: 11.10Wx, 11.15Bt, 12.38Mh
I. INTRODUCTION
Non-Abelian plasma instabilities [1, 2, 3℄ have reeived a lot of attention following the apparent
failure of perturbative QCD at nite temperature to aount for the rapid thermalization and strong
olletivity dedued from the experimental results at the Relativisti Heavy Ion ollider (RHIC) [4℄.
To leading order (LO) in the oupling and for small gauge eld amplitudes, the dynamis of plasma
instabilities are determined by the generalization of the hard-thermal-loop (HTL) [5, 6, 7℄ gauge
boson self-energy to anisotropi situations [8, 9, 10, 11℄. At LO, the sale assoiated with plasma
instabilities is of the same parametri order as that of other olletive phenomena suh as the Debye
mass, and onsequently plasma instabilities strongly modify previous perturbative thermalization
senarios [8, 12, 13℄.
Muh progress has been made in the study of the nonlinear evolution of non-Abelian plasma
instabilities using real-time lattie simulations [14, 15, 16, 17, 18, 19℄ using hard-loop (HL) eetive
theory [20℄ (for lassial eld theory simulations see [21, 22, 23, 24℄).
Also a number of analytial alulations have been performed. The leading order anisotropi
gluon propagator has been analysed in the temporal axial gauge in [8, 10, 11℄, and in ovariant gauge
in [25, 26℄ and [27℄. Unlike the HTL gluon propagator, this anisotropi propagator ontains non-
integrable spae-like poles, whih signal the presene of instabilities in an anisotropi system. The
HL gluon propagator has been used for perturbative studies of ollisional energy loss [28, 29℄ and the
deay width of quarkonium bound states [30, 31℄ in an anisotropi plasma, where these spae-like
poles do not present a fundamental problem. However, non-integrable singularities at zero frequeny
2our in perturbative alulations of jet quenhing and momentum broadening in the anisotropi
quark-gluon plasma [32, 33℄, where they appear to signal an enhanement of these observables
ompared to the equilibrium ase. It was suggested in [32℄ that these singularities are regulated by
a non-zero imaginary part of the next-to-leading order (NLO) gluon polarization tensor. A partial
one-loop result using the HL-resummed propagator but bare verties was performed, suggesting
that this was indeed the ase.
In this paper we shall show that the one-loop resummed expressions onsidered in [32℄ do indeed
yield a nonvanishing imaginary part after adding up all HL-resummed one-loop ontributions in-
luding the nontrivial verties present even at zero frequeny. However, starting from the real-time
formalism we show that these one-loop resummed expressions need to be evaluated using the stati
limit of the retarded propagator, but in the presene of plasma instabilities the retarded propagator
is no longer obtained from the analyti HL propagator by a limiting proedure. Construting and
employing a resummed retarded HL propagator with orret ausality properties we nd that the
NLO stati gluon self-energy is real.
In thermal equilibrium, the imaginary part of the stati gluon self energy would be required
to vanish due to the KMS onditions [34℄. In [32℄ it was argued that, if the KMS onditions are
violated in the anisotropi ase, there might be a nite, disontinuous ontribution. We note,
however, that suh a nonvanishing imaginary part to the self energy in the stati limit would ause
a fundamental problem with real-time perturbation theory, beause the stati limit of the time-
ordered HL-propagator would beome ill-dened. This an be seen as follows. In the limit of
small anisotropies, we an use equilibrium distribution funtions on soft HL-resummed lines, and
therefore the time-ordered propagator is obtained from the retarded propagator using [35℄
DT (k0, k) = D
ret(k0, k) + 2n(k0) i ImD
ret(k0, k), (1)
where n(k0) is the Bose distribution funtion. The seond term in this expression diverges for
k0 → 0, if the imaginary part of the stati self-energy is non-zero.
The anisotropi NLO stati gluon self-energy is obtained from the diagrams shown in Fig. 1. In
equilibrium, only stati loop momenta have to be onsidered and no fermion loops ontribute [36℄
at next-to-leading order, and we shall see that this is also true in the anisotropi ase. Sine the
ghost self energy vanishes at leading order, the ghosts do not need to be resummed. The solid dots
indiate leading order propagators and verties whih are obtained from the HL eetive ation
[20℄. In ontrast to the equilibrium situation, the HL verties do not redue to bare verties in the
stati limit. The third diagram represents the HL ounterterm whih must be subtrated to avoid
double ounting.
FIG. 1: The diagrams that ontribute to stati gluon self energy. All lines orrespond to gluon propagators.
The dots indiate hard loop propagators and verties. The ross denotes the ounterterm.
At zero temperature, eld theory an be formulated ovariantly. At nite temperature, ovari-
ane is broken by the vetor uµ = (1, 0, 0, 0) whih speies the rest frame of the thermal system.
For anisotropi systems we need (in the simplest ase) one additional vetor to speify the diretion
of the anisotropy. We onsider the ase in whih there is one preferred spatial diretion along whih
the system is anisotropi (in planes transverse to this vetor the system is isotropi). In the ontext
3of heavy ion ollisions, we an take this diretion to be the beam axis (zˆ) along whih the initial
expansion ours.
In [27℄ we have given the omplete analyti result for the integrand orresponding to the diagrams
in Fig. 1. Although this result is relatively ompat, the evaluation of the integrals would be a
formidable task. In order to simplify the alulation, we hoose a partiular orientation for the
external momentum. We alulate the part of the NLO stati gluon self energy related to Weibel
instabilities for an anisotropi plasma, in the limit of small anisotropy, with the external momentum
parallel to the diretion of the anisotropy.
This paper is organized as follows. In setion II we dene our notation. In setion III we
present the alulation of the integrand. In setion IV we disuss the analyti struture of the
HL propagator. In setion V we alulate the NLO ontribution using the analyti propagator
obtained by resumming the HL gluon self-energy. In setion VI we onstrut a retarded HL-
resummed propagator and identify an extra ontribution that anels the imaginary part obtained
in setion V. In setion VII we present our onlusions.
II. NOTATION AND INGREDIENTS
Throughout this paper we will frequently use the indies {k, q, r} to denote momentum argu-
ments. We also use Latin letters {i, j, l, · · ·} to denote spatial indies, with the exeption that the
indies k, q, r are reserved and used exlusively to denote spatial momenta. Four-momenta will
be denoted by apital letters. The external momentum in Fig. 1 will be alled ~q, and the internal
momenta are
~k and ~r = −~k − ~q. We hoose ~q = (0, 0, q).
A. Distribution Funtions
For a non-Abelian plasma with Nc gluons and Nf quark avors, we dene an eetive isotropi
distribution funtion by
fiso(p) = 2Nf [n(p) + n˜(p)] + 4Ncn
g(p). (2)
In thermal equilibrium, we have
neq(p) =
1
e(p−µ)β + 1
, n˜eq(p) =
1
e(p+µ)β + 1
, ngeq(p) =
1
ep β − 1 . (3)
We dene the Debye mass from the equilibrium distribution
1
m2D = g
2
∫
d3p
(2π)3
feq(p)
p
= −g
2
2
∫
d3p
(2π)3
df(p)
dp
=
1
3
Ncg
2T 2 +
1
6
Nfg
2
(
T 2 +
3
π2
µ2
)
. (4)
Following [11℄, we an onstrut an anisotropi distribution from any isotropi distribution of
the form fiso(p
2) by writing
f(~p) = fiso(
√
p2 + ξ(~p · zˆ)2), (5)
where ξ > −1 is the anisotropy parameter. A value ξ > 0 orresponds to a ontration of the
distribution and 0 > ξ > −1 orresponds to a strething of the distribution. In the following we
[1℄ In Ref. [11℄ Eq. (4) diers by a fator of 2 and Eq. (2) diers by a fator 1/2. The denition of the Debye mass
is the same.
4shall onsider only deformations of the equilibrium distribution. For nonzero ξ, the parameters T
and µ of ourse lose the usual meaning of temperature and hemial potential. In this paper we
restrit ourselves to weakly anisotropi systems for whih |ξ| ≪ 1 and shall alulate only to leading
order in ξ.
B. Verties
Momenta are taken to be inoming. We give only the tadpole form of the 4-point vertex, sine
that is the only 4-point vertex we will need. The bare verties are:
(Γ0)
µνλ
abc = igfabcΓ
µνλ
0 (6)
Γµνλ0 = −gµν(Kλ −Qλ)− gλν(Qµ −Rµ)− gλµ(Rν −Kν)
(M0)
µνλσ
abcc (Q,−Q,K,−K) = 2g2 CAδab Mµνλσ0
Mµνλσ0 = −gλνgµσ − gλµgνσ + 2gλσgµν
The notation for the HL verties is given in [20, 27℄. We dene:∫
p
:=
d3p
(2π)3
∣∣∣
p0=p
; Pˆµ := (1, pˆi) ; Iˆβ :=
g2
2
∫
p
∂f
∂P β
(7)
The 2-point funtion is:
Πµνab := δabΠ
µν ; Πµν := IˆβPˆ
µ
(
gνβ − Pˆ
νQβ
P ·Q
)
(8)
The 3-point funtion is:
Γµνλabc := igfabcΓ
µνλ
(9)
Γµνλ := IˆβP
µP νP λ
(
Kβ
Pˆ ·K Pˆ ·Q −
Rβ
Pˆ ·Q Pˆ ·R
)
We need only the tadpole form of the 4-point vertex whih has the form:
Mµνλσabcc (Q,−Q,K,−K) := 2g2 CAδab Mµνλσ(Q,−Q,K,−K) (10)
Mµνλσ(Q,−Q,K,−K) := −2IˆβPˆµPˆ νPˆ λPˆ σ
(
KβPˆ ·Q−QβPˆ ·K
P ·K P ·Q ((P ·K)2 − (P ·Q)2)
)
These verties satisfy the Ward identities:
KµΓ
µνλ(K,Q,R) = Πνλ(Q)−Πνλ(R) (11)
KλM
µνλσ(Q,−Q,K,−K) = −2Γµνσ(K,Q,−K −Q)
KλKσM
µνλσ(Q,−Q,K,−K) = 2Πµν(−K −Q)− 2Πµν(Q)
C. Leading order hard-loop self energies and propagators
In Feynman gauge, whih we use, the relation between the polarization tensor Π and full (bare)
propagators D (D0) is given by the relation
D−1µν (K) = (D
0
µν)
−1 −Πµν = −(gµνK2 +Πµν). (12)
5The HL gluon self-energy is gauge invariant and satises the usual Ward identity: KµΠµν = 0.
Consequently, we only need to alulate the spatial omponents.
In the isotropi (HTL) ase, the spatial self energy has two independent omponents whih are
alled the transverse and longitudinal parts. Eq. (12) denes an analyti propagator from whih
the retarded (advaned) propagator is obtained as
Dret/advµν (K) = Dµν(k0 ± iǫ,~k). (13)
For anisotropi systems the self energy an be generally deomposed into four independent stru-
ture funtions. For the speial ase of Πµν(q0, ~q) with ~q = (0, 0, q), there are only two independent
struture funtions. We dene the general projetion operators using the vetor [37℄
nik := n
i(k) = (δij − kikj/k2)δj3 (14)
whih satises nik k
i = 0. Using this vetor we onstrut the projetion operators for Πij(K):
P 1kij = δij −
kikj
k2
, P 2kij =
kikj
k2
, P 3kij = −
kikj
k2
− n
k
i n
k
j
n2k
+ δij ,
P 4kij = kjn
k
i + kin
k
j , P
5k
ij = P
1k
ij − P 3kij , (15)
and similarly for Πij(R). The projetion operators for Πij(Q) are dened as:
P 1qij = δij − δ3iδ3j ; P 2qij = δ3iδ3j (16)
The orthogonality relations satised by these projetors are given in Appendix A. Using these
denitions, the self energies an be deomposed as:
Πqij = P
1q
ij αq + P
2q
ij β¯q (17)
Πkij = P
1k
ij αk + P
2k
ij β¯k + P
5k
ij γk + P
4k
ij δ¯k
The omplete LO results for the HL self energy omponents αk, β¯k, γk, δ¯k have been given in [11℄
for the anisotropi distribution funtion (5).
D. Stati propagator
The stati propagator has (spae-like) poles at q0 = 0 and values of ~q whih mark the boundaries
between stable and unstable modes. These are determined by the stati parts of αk and γk, whih
are given by:
αk = −ξ
3
(1− n2k)m2D ; γk =
ξ
3
n2km
2
D (18)
For the (Feynman gauge) HL propagator Dij(q) with ~q = (0, 0, q) we obtain, in the stati limit,
Dij(q) = −P 2qij
1
q2
− P 1qij
1
q2 + αq
. (19)
For ξ > 0, the seond term has a spae-like pole at q2 = −αq > 0, whih orresponds to the
magneti Weibel instability [38℄. More preisely, all modes for whih 0 < q2 < (−αq) exhibit
exponential growth with a growth rate γ(q) that approahes zero as q2 approahes 0 or −αq (see
Fig. 2). The result for the general stati propagator Dµν(k) is given in Ref. [27℄. To leading order
in ξ, it has spae-like poles at k2 = −αk and k2 = −(αk + γk) determined by (18).
6III. INTEGRAND FOR αq AT NEXT-TO-LEADING ORDER
To obtain Imαnlo we use (17) and write:
Imαnlo =
1
2
P 1qij (q) ImΠij(q) (20)
In order to alulate ImΠij(~q) we need the integral orresponding to the rst two diagrams in
Fig. 1. Sine the imaginary-time formalism is not available in the nonequilibrium ase we are
onsidering, our starting point is the (resummed) one-loop expression for the retarded self-energy
as given by the real-time formalism. We use the fat that the verties are pure real in the stati
limit (see Appendix B) and obtain:
Πij(~q) =
i
4
g2 CA
∫
d4K
(2π)4
[
F ijnm ·
{
Dsymn (K)D
adv
m (R) +D
adv
n (K)D
sym
m (R)
}
+H ijn · (Dsymn (K))
]
(21)
where we have dened:
F ijnm = ((Γ
0 + Γ)λiτPnkλλ′(Γ
0 + Γ)λ
′jτ ′Pmrττ ′ )
∣∣∣∣
q0=k0=0
(22)
H ijn = ((M
0 +M)ijλσPnkλσ )
∣∣∣∣
q0=k0=0
Dsymn (K) = (1 + 2n
g
eq(k0))(D
ret
n (K)−Dadvn (K))
Dsymm (R) = (1 + 2n
g
eq(r0))(D
ret
n (R)−Dadvn (R))
The order of the momentum variables is (K,Q,R) for the 3-point funtions and (Q,−Q,K,−K) for
the 4-point funtions. The repeated indies n and m indiate sums over the projetion operators
in (15), and the orresponding mode funtions in the propagator. These funtions are given in
[27℄ and we do not reprodue them here beause, as we shall see below, not all omponents of the
propagator ontribute at leading order.
To lowest order in ξ we an use the equilibrium distribution funtion in the third and fourth lines
in (22). The dominant ontribution to the integral an be extrated by using (1+2ngeq(k0))→ 2T/k0
whih gives:
Πij(q0 = 0, ~q) =
1
2
g2 CA T
∫
d3k
(2π)3
∫
dk0
2π
1
k0
(23)
· [ F ijnm · i (Dretn (K)Dretm (K +Q)−Dadvn (K)Dadvm (K +Q))
+H ijn · i (Dretn (K)−Dadvn (K)) ] |q0=0
Sine Dret = (Dadv)∗, this expression appears to be manifestly real. However, it is not well-
dened, beause in the anisotropi ase, there are spae-like poles in the propagators at k0 = 0.
We disuss this issue in the next setion.
IV. ANALYTIC STRUCTURE OF THE HL PROPAGATOR
The analyti struture of the anisotropi HL propagator dened by (12) has been disussed in
Refs. [10, 11℄. The poles in the propagator at real frequenies and real wave vetors determine the
7dispersion laws of propagating modes. Poles at real frequenies and imaginary wave vetor desribe
(frequeny-dependent) sreening eets. In the anisotropi ase, there appear also poles at real
wave vetor and imaginary frequeny orresponding to plasma instabilities. As an example, Fig. 2
displays the loation of all these poles in the propagator Dα(ω, 0, 0, q) in a plot of ω
2
versus k2 for
3 values of ξ.
-0.2 0.2 0.4 0.6 0.8
0.1
0.2
0.3
0.4
0.5
q
2/m2
D
ω2/m2
D
ξ = −0.5 ξ = +5ξ = 0
FIG. 2: Poles in the propagator omponent Dα(ω, ~q) for ~q parallel to the diretion of anisotropy, for
anisotropy parameter ξ = −0.5 (prolate momentum distribution), ξ = 0 (isotropi ase), and ξ = +5
(oblate ase, with spae-like pole at zero frequeny).
The analyti HL propagator Dµν(k0, ~k) with omplex k0 but real ~k generally has time-like poles
on the real axis at k0 = ω(k) > k, a logarithmi branh ut between k0 = ±k, and, for suiently
small k (with details depending on the diretion of ~k and the polarization) poles at k0 = ±i|γ(~k)|,
where |γ(~k)| is the growth rate of unstable modes (not to be onfused with the struture funtion γk
in the deomposition of Πij(K)). When these additional poles are present, using Cauhy's theorem
and an integration ontour in omplex frequeny as depited in Fig. 3, the spetral representation
of the analyti propagator has the form:
D(ω,~k) =
∫ ∞
−∞
dk0
2πi
D(k0 + iǫ,~k)−D(k0 − iǫ,~k)
k0 − ω −
∑
±
ResD(±i|γ(~k)|, ~k)
±i|γ(~k|)− ω
(24)
The last term in (24) is produed by the poles at ±iγ(~k). In the isotropi ase this term is absent
and we reover the usual spetral representation.
8FIG. 3: Contour used to derive Eq. (24) and Eq. (25). Crosses and thik lines indiate poles and uts,
respetively, in the anisotropi HL propagator. The poles on the imaginary axis appear at suiently small
k and disappear from the physial sheet at higher k. In the ase of Eq. (25), there may be an additional
pair of poles on the imaginary axis from the seond propagator in the one-loop diagram that needs to be
enirled lokwise.
However, whenever the analyti propagator D(z,~k) has poles on the imaginary axis orrespond-
ing to plasma instabilities, D(ω + iǫ,~k) does no longer yield the retarded propagator, sine it does
not satisfy the ondition that
∫
dωe−iωtD(ω+ iǫ,~k) vanishes for t < 0. This point will be disussed
in setion VI where we present a modiation of the formalism in whih the retarded propagator has
the orret ausal struture. In setion V below, we onsider the onsequenes of simply ignoring the
issue, and alulating the next-to-leading order polarization tensor by dening retarded/advaned
propagators as usual through (13).
V. NEXT-TO-LEADING ORDER CALCULATION OF Imα(q
=
0, q) USING
UNMODIFIED HL RESUMMATION
We begin by following the strategy that would work in standard HTL perturbation theory: We
an rewrite the k0-integral in (23) using a sum rule tehnique (see, for example, [34℄). For a k
′
0
away from the real axis, we an use Cauhy's theorem to write:
X(k′0, k) =
∮
C
dz
2πi
X(z, k)
z − k′0
(25)
=
∫ ∞
−∞
dk0
2πi
X(k0 + iǫ, k) −X(k0 − iǫ, k)
k0 − k′0
−
∑
s
ResX(iγs(k), k)
iγs(k)− k′0
=
∫ ∞
−∞
dk0
2πi
Xret(k0, k) −Xadv(k0, k)
k0 − k′0
−
∑
s
ResX(iγs(k), k)
iγs(k)− k′0
where the ontour C is analogous to the one in Fig. 3, exept that there will be generally two pairs
of simple poles appearing symmetrially on the imaginary axis, from D(k0, ~k) and D(k0, ~r), whih
are denoted olletively by γs. In the last line we have tentatively assumed the validity of Eq. (13),
whih will be reassessed in the next setion.
We have to onsider X(k0, k) = i
2H ijn Dn(K) and X(k0, k) = i
2 F ijnmDn(K)Dm(K +Q). Taking
9the limit k′0 → 0+ ≡ limǫ→0 limη→0 η + iǫ, Eq. (25) gives:
Im
∫ ∞
−∞
dk0
2π
1
k0
H ijn i (D
ret
n (K)−Dadvn (K)) = −H ijn Im lim
k0→0+
Dretn (K) (26)
Im
∫ ∞
−∞
dk0
2π
1
k0
F ijnm i (D
ret
n (K)D
ret
m (K +Q)−Dadvn (K)Dadvm (K +Q))
= −F ijnm Im lim
k0→0+
Dretn (K)D
ret
m (K +Q)
The seond term on the right hand side in (25) does not ontribute to the imaginary part
sine the residues ResX(iγ(k), k) are purely imaginary and odd in γ. This means that∑
ResX(iγs(k), k)/(iγs(k)− k′0) is purely real when k′0 approahes the real axis, sine for eah
value of γ there is another with reversed sign.
Substituting (26) into (23) we obtain:
ImΠij(~q) = −1
2
g2 CA T (27)∫
d3k
(2π)3
[ F ijnm Im lim
k0→0+
Dretn (K)D
ret
m (K +Q) +H
ij
n Im lim
k0→0+
Dretn (K) ]
∣∣∣∣
q0=0
The integral in (27) ould have an imaginary part oming from the spae-like poles of the stati
internal propagators at k0 = when ~k is just at the boundary of the instability domain. This
observation led to the onjeture in Ref. [32℄ that this imaginary part is in fat nonzero, and that it
regulates the singularities in the momentum broadening oeient that are produed by the spae-
like poles in the stati HL propagator. This onjeture was supported by a partial alulation of
the integral in (27), in whih only the tadpole diagram with a bare vertex was inluded. Below we
alulate the omplete result inluding all HL verties whih are nontrivial in the anisotropi ase,
in ontrast to their HTL ounterparts.
To leading order in ξ, the poles in the k-propagator our at k2 = −αk and k2 = −(αk + γk), or
k ∼ √ξ mD +O(ξ). Therefore, we need only the part of this propagator that is leading order in ξ
for momenta k ∼ √ξ mD. It is easy to show that only the spatial omponents ontribute. Sine we
are working on the LO mass shell q =
√
ξ/3mD, the same onlusion holds for the r-propagator.
Assuming (13), we obtain:
lim
k0→0+
Dretij (K) (28)
LO→ lim
k0→0+
[
P 2kij
1
k20 − k2 + i sgn(k0)ǫ
+ P 3kij
1
k20 − (k2 + αk) + i sgn(k0)ǫ
+P 5kij
1
k20 − (k2 + αk + γk) + i sgn(k0)ǫ
]
The real and imaginary parts are:
Re [ lim
k0→0+
Dretij (K) ]
LO→ −P 2kij
1
k2
− P 3kij f3(k)− P 5kij f5(k) (29)
i Im [ lim
k0→0+
Dretij (K) ]
LO→ −iπ[P 3kij δ(f−13 ) + P 5kij δ(f−15 )]
f3(k) =
1
k2 + αk
; f5(k) =
1
k2 + αk + γk
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Insertion into (27) gives:
ImΠij(~q) =
1
2
g2 CA T π
∫
d3k
(2π)3
[ ∑
n,m∈{3,5}
−F ijnm · (δ(f−1nk )fmr + fnkδ(f−1mr ))
+
∑
n∈{3,5}
H ijn · (δ(f−1nk ))
]
(30)
We obtain Imαnlo by substituting (30) into (20). We give below the result for the integrand for
the tadpole graph. The orresponding expression for the bubble graph is straightforward to obtain,
but onsiderably longer.
Imαnlo
∣∣∣∣
tp
= −1
4
g2 CA T π
∫
d3k
(2π)3
(31)
[−M iijj δ(f−13k )− 4(k2 + 3k3q)
1
k2
δ(f−13k )− 4(k2 − 3q(k3 + n2rq/2))
1
k2
δ(f−15k )]
In order to perform the integrations, we hoose the following representation:
~n = (0, 0, 1) (32)
~q = (0, 0, q)
~k = (k sin θ, 0, k cos θ)
pˆ1 = (sin θ1 cosφ1, sin θ1 sinφ1, cos θ1)
pˆ2 = (sin θ2 cosφ2, sin θ2 sinφ2, cos θ2)
The vetor ~n gives the diretion of the anisotropy. The vetors pˆ1 and pˆ2 are used to alulate
the HL vertex omponents M iijj and ΓijlΓijl. We will write cos θ = x, cos θ1 = x1, cos θ2 = x2.
We work on the LO mass shell q =
√
ξ/3mD. Using the fat that eah term in (31) ontains a
delta funtion whih gives k ∼ √ξmD, we sale k to obtain a dimensionless variable k˜ whih is
dened by: k = (
√
ξ/3mD) k˜. Using this oordinate system, all angular integrals in the HL verties
an be alulated analytially. Next, we use the delta funtions to do the polar integral over the
variable x = cos θ. This produes onstraints on the k˜ integration. Finally, the resulting k˜-integral
an be done by numerially. The full integrand produes a huge number of terms, many of whih
are divergent. When all terms are ombined, all divergenes anel, whih provides a hek of our
algebra. Some details of the alulation are given in Appendix B. The nal result is:
Im(αq)nlo = − 1
16π
g2NcmD T
√
ξ
3
· 3.77 . . . (33)
This nite result onrms the onjeture of Ref. [32℄ that a omplete one-loop evaluation of Eq. (27)
using full HL verties and HL propagators would lead to a nonvanishing imaginary part to the stati
gluon polarization tensor that may be used as a regulator for the spae-like poles in the stati gluon
propagator of an anisotropi plasma.
However, as already mentioned in the previous setion, the nite result in (33) is produed by
using HL retarded and advaned propagators whih do not have the orret ausal struture. In
fat, it is easy to see that there is a fundamental problem with the above alulation. The sign of
the imaginary part in (33) is determined by having taken the stati limit k0 = η+ iǫ→ 0+ in (27).
Taking the stati limit e.g. instead by k0 = −η + iǫ would produe the opposite sign. In the next
setion we disuss how to dene retarded and advaned propagators that have the orret ausal
struture. We then show that using these propagators produes a pure real result.
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FIG. 4: Complex frequeny ontour required to obtain the retarded propagator from the analyti propagator.
VI. RETARDED HL PROPAGATOR AND CORRECTED HL RESUMMATION
Using the analyti propagator D obtained from Dyson summation of the HL polarization tensor
aording to Eq. (12), we an onstrut a retarded propagator
Dret(t,~k) =
∫
Cr
dωe−iωtD(ω,~k) (34)
with the property that Dret(t < 0, ~k) ≡ 0 by hoosing a omplex ontour Cr that runs along the
real axis and irumvents any poles at positive imaginary ω by going over them, as shown in Fig. 4.
Moreover, for t > 0 this propagator orretly desribes the exponential growth of the unstable
modes, whih an integration over just the real axis would have missed. Restriting ω to real values
again, we an take the eet of the ontour Cr into aount by dening
Dretn (ω,
~k) = Dn(ω + iǫ,~k)− ResDn(+iγn(
~k), ~k)
ω + iǫ− iγn(~k)
Θ(γn(~k)− ǫ) (35)
where Dn represents a omponent of the analyti propagator. For k large enough so that all modes
are stable, all γn(~k) are negative and this denition of the retarded propagator oinides with the
usual one. But when k beomes small enough for unstable modes to appear, the orresponding
poles are eetively subtrated.
For example, in the small-ξ limit we have
α(0, ~k) = −(ξ/3)m2D cos2 θ +O(ξ2) with cos θ = k3/k
γ(~k) = − 4k
πm2D
(k2 − (ξ/3)m2D cos2 θ +O(ξ2))
ResDα(iγ,~k) =
4ik
πm2D
+O(ξ) (36)
so that the stati limit of the retarded stati α-propagator responsible for the Weibel instabilities
now reads
Dα(0, ~k) =
1
k2 − (ξ/3)m2D cos2 θ +O(ξ2)
for k >
√
ξ/3mD cos θ
Dα(0, ~k) = O(ξ
0) for k ≤
√
ξ/3mD cos θ. (37)
In partiular, the imaginary part proportional to δ(k2 + α(0, ~k)) is anelled (irrespetive of the
sign of the innitesimal η in ω = η + iǫ), and the same is true for all spae-like poles in D (and
also does not require the simplifying assumption of momentum parallel to the anisotropy diretion
used in our expliit alulations). Thus the entire ontribution to the imaginary part alulated in
setion V disappears.
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VII. CONCLUSION
Starting from the one-loop expressions of the real-time formalism we have found that these
require retarded and advaned propagators, whih in the anisotropi ase after resummation of
the HL gluon self-energy are no longer given as boundary values of the analyti propagator in the
limit of real frequenies. Using the modied presription (35) we found that the imaginary part
of the stati gluon self-energy vanishes also at HL-resummed one-loop order. This disproves the
onjeture of Ref. [32℄ that suh an imaginary part would be generated, and then ould be used to
regulate the non-integrable singularities enountered in perturbative alulations of jet quenhing
and momentum broadening in an anisotropi plasma [32, 33℄.
In Ref. [33℄ it has been pointed out that the spae-like poles present a problem only together with
the singularity of the Bose-Einstein distribution funtion, and that, as an alternative regularization,
it would be natural to assume a lower uto on the frequenies beause of the inherently nonequi-
librium nature of the problem, involving harateristi time sales ∼ (gξT )−1. This resolution to
the problem of non-integrable singularities in the alulations of Ref. [32, 33℄ in fat would lead to
a larger enhanement of the eets of anisotropy on jet quenhing and momentum broadening than
those resulting from a nonzero imaginary part of the gluon self-energy of order g2TmD
√
ξ. Our
results evidently lend support to this possibility.
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APPENDIX A: PROJECTION OPERATORS
The orthogonality relations satised by the operators given in setion IIC are:
P 1ilP
1
lj = P
1
ij ; P
1
ilP
2
lj = 0 ; P
1
ilP
3
lj = P
3
ij ; P
1
ilP
4
lj + P
4
ilP
1
lj = P
4
ij (A1)
P 2ilP
2
lj = P
2
ij ; P
2
ilP
3
lj = 0 ; P
2
ilP
4
lj + P
4
ilP
2
lj = P
4
ij
P 3ilP
3
lj = P
3
ij ; P
3
ilP
4
lj = 0
P 2ilP
5
lj = 0 ; P
3
ilP
5
lj = 0 ; P
4
ilP
5
lj = P
4
ij ; P
5
ilP
5
lj = P
5
ij
kiP
1
ij = kiP
3
ij = kikjP
4
ij = kiP
5
ij = 0
nki P
1
ij = n
k
j ; n
k
i P
2
ij = n
k
i P
3
ij = 0 ; n
k
i n
k
jP
4
ij = 0 ; n
k
i P
5
ij = n
k
j
TrP 1 = 2 ; TrP 2 = TrP 3 = TrP 5 = 1 ; TrP 4 = 0
TrP 1q = 2 ; TrP 2q = 1 ; P 1q · P 2q = 0 (A2)
APPENDIX B: SOME DETAILS OF THE CALCULATION IN SECTION V
1. HL vertex omponents
The only vertex omponents that we need are M iijj and ΓijlΓijl. Using (9), (10) and (32), these
vertex omponents an be rewritten as:
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M iijj =
1
4
∫ 2π
0
dφ1
∫ 1
−1
dx1 · IM , (B1)
IM = − 6x
xx21 +
√
1− x2 cosφ1
√
1− x21x1
+
3k˜x
k˜xx21 − x21 + k˜
√
1− x2 cosφ1
√
1− x21x1
+
3k˜x
k˜xx21 + x
2
1 + k˜
√
1− x2 cosφ1
√
1− x21x1
− 3
k˜xx21 − x21 + k˜
√
1− x2 cosφ1
√
1− x21x1
+
3
k˜xx21 + x
2
1 + k˜
√
1− x2 cosφ1
√
1− x21x1
,
ΓijlΓijl =
1
4
∫ 2π
0
dφ1
∫ 2π
0
dφ2
∫ 1
−1
dx1
∫ 1
−1
dx2 · IΓΓ, (B2)
IΓΓ =
3x2
(√
1− x21
√
1− x22 cos (φ1 − φ2) + x1x2
)
3(√
1− x2
√
1− x21 cosφ1 + xx1
)(√
1− x2
√
1− x22 cosφ2 + xx2
)
−
3x(k˜x+ 1)
(√
1− x21
√
1− x22 cos (φ1 − φ2) + x1x2
)
3(
k˜
√
1− x2
√
1− x21 cosφ1 + k˜xx1 + x1
)(√
1− x2
√
1− x22 cosφ2 + xx2
)
−
3x(k˜x+ 1)
(√
1− x21
√
1− x22 cos (φ1 − φ2) + x1x2
)
3(√
1− x2
√
1− x21 cosφ1 + xx1
)(
k˜
√
1− x2
√
1− x22 cosφ2 + k˜xx2 + x2
)
+
3(k˜x+ 1)2
(√
1− x21
√
1− x22 cos (φ1 − φ2) + x1x2
)
3(
k˜
√
1− x2
√
1− x21 cosφ1 + k˜xx1 + x1
)(
k˜
√
1− x2
√
1− x22 cosφ2 + k˜xx2 + x2
) .
Using the identities cos(φ1−φ2) = cosφ1 cosφ2+sinφ1 sinφ2 and sin2 φ1 = 1−cos2 φ1 the azimuthal
integrals in Eqs. (B1) and (B2) an be rewritten in the form (with the same expressions for the φ2
integrals):
∫
dφ1
2π
1
A+B cosφ1
=
sgn(A)Θ
(
A2 −B2)√
A2 −B2 −
iΘ
(
B2 −A2)√
B2 −A2 (B3)∫
dφ1
2π
cosφ1
A+B cosφ1
= −Asgn(A)Θ
(
A2 −B2)
B
√
A2 −B2 +
iAΘ
(
B2 −A2)
B
√
B2 −A2 +
1
B∫
dφ1
2π
cos2 φ1
A+B cosφ1
=
sgn(A)Θ
(
A2 −B2)A2
B2
√
A2 −B2 −
iΘ
(
B2 −A2)A2
B2
√
B2 −A2 −
A
B2∫
dφ1
2π
cos3 φ1
A+B cosφ1
= −sgn(A)Θ
(
A2 −B2)A3
B3
√
A2 −B2 +
iΘ
(
B2 −A2)A3
B3
√
B2 −A2 +
2A2 +B2
2B3
After performing the azimuthal integrals, we are left with the polar integrals over the variables
x1 and x2 with limits determined from the theta funtions in Eqs. (B3). In every ase, the imaginary
part ontains the integral of an odd funtion over a symmetri interval and therefore, as is the ase
for the self energies, the imaginary part of all omponents is zero in the stati limit. This result
orresponds to the fat that, in the stati limit, the bare propagator has no poles. The x1- and x2-
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integrals an be done analytially, yielding
M iijj = 0, ΓijlΓijl = −
m2D
(
x2 − 1) ((8x2 + 7) k˜2 + (8x3 + 22x) k˜ + 8x2 + 7) ξ
3
(
k˜2 + 2xk + 1
)2 . (B4)
2. Extration of the imaginary part
We substitute the results (B4) into the integrand and do the x-integrals. In order to extrat the
imaginary part, we write (with orresponding expressions for f3(r) and f5(r)):
πδ(f−13k ) = Im
1
k2 + αk − iǫ ; πδ(f
−1
5k ) = Im
1
k2 + αk + γk − iǫ (B5)
Using Eqs. (18) we an rewrite these expressions:
1
k2 + αk − iǫ = −
3
ξm2D(x− iǫ− x−3k)(x+ iǫ− x+3k)
(B6)
1
r2 + αr − iǫ =
k˜2 + 2xk˜ + 1
k˜2ξm2D(x+ iǫ− x+3r)(x− iǫ− x−3r)
1
k2 + αk + γk − iǫ
= − 3
2ξm2D(x− iǫ− x−5k)(x+ iǫ− x+5k)
1
r2 + αr + γr − iǫ =
3
(
k˜2 + 2xk˜ + 1
)
2k˜2ξm2D(x+ iǫ− x+5r)(x− iǫ− x−5r)
with
x−3k = −k˜ ; x+3k = k˜ (B7)
x−3r = −k˜ ; x+3r = −
k˜2 + 2
3k˜
when k˜ < 1
x+3r = −k˜ ; x−3r = −
k˜2 + 2
3k˜
when k˜ > 1
x−5k = −
√
k˜2 + 1√
2
; x+5k =
√
k˜2 + 1√
2
x+5r = −
2k˜2 +
√
2k˜4 − 2k˜2 + 1 + 1
2k˜
; x−5r =
−2k˜2 +
√
2k˜4 − 2k˜2 + 1− 1
2k˜
Substituting (B5) and (B6) into (31) the x-integrals an be done analytially. After a partial
fration expansion, the integration of eah term produes either a logarithm, or something that
is pure real. The imaginary part of eah logarithm gives rise to a theta funtion, restriting the
remaining k˜-integrals to intervals 0 < k˜ < 1, 1 < k˜ < 2, or 0 < k˜ < 2. We note that partiular are
must be taken beause of the double pole at x−3k = x
−
3r = −k˜ that ours when k˜ < 1. We regulate
this term in the usual way by writing:
1
(x− x−3k)(x− x−3k)
=
d
dM
1
x− x−3k −M
(B8)
and taking M to zero at the end of the alulation.
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One all the x-integrals are done, the remaining integral over k˜ an be done numerially. There
are many terms that are divergent at k˜ = 0, k˜ = 1, and/or k˜ = 2. Summing all ontributions yields
the result given in Eq. (33).
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